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New vortex solution in SU(3) gauge-Higgs theory
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Following a brief review of known vortex solutions BU(N) gauge-adjoint Higgs theories we show the
existence of a new “minimal” vortex solution i®U(3) gauge theory with two adjoint Higgs bosons. At a
critical coupling the vortex satisfies Bogomol'nyi type, first order, field equations. The exact value of the
vortex energy(per unit length is found in terms of the topological charge at the critical coupling.

PACS numbsefs): 11.27+d, 11.15.Kc, 11.30.Pb, 12.38.Aw

I. INTRODUCTION study the properties of these solutions.
The equations of motion in Abeliahl0,11 and non-

Classical solutions of non-Abelian gauge theories haveéAbelian[12] vortex model were shown to reduce to linear,
played an important role in a variety of contekid. Classi- Bogomol'nyi equations at critical values of the coupling con-
cal solutions in Higgs theories may play an important role instant. This phenomenon was shown to be related to the in-
cosmology[2]. They may also be relevant in models of con- crease of an underlying supersymmetry of the mo#ig)14.
finement[3]. Different classical objects may affect cosmol- The equations of motions we obtain for tisJ(3) Higgs
ogy, symmetry breaking, etc., in different ways. Therefore, ittheory also linearize at critical couplings. The linearization
is of considerable importance to find all classical solutionsof the field equations may also be related to the increase of
and investigate their properties. supersymmetry.

Vortex solutions are solitons in421l dimensions and are In the next section we will briefly review the solutions of
stringlike extended objects in+3l dimensions. In 31 di- field equations foSU(3) theory offered in Refl7]. In Sec.
mensions they have infinite enerdyhe energy per unit 1l we will present our two-Higgs-boson model and the an-
length is finite but condensed vortices contribute a finite satz for solving the equations of motion. In Sec. IV we will
amount to the free energy per unit volume. Non-Abelian vor-discuss the critical coupling and the Bogomol'nyi equations,
tex configurations were discussed [#-6]; explicit vortex  followed by a concluding section.
solutions were first found in Ref7]. The existence of non-
Abelian vortices is the consequence of nontrivial topological
classes in the mappin®,—SU(N)/Zy. The homotopy
group of this mapping i€y, implying the existence oN
—1 distinct stable vortices. As the symmetry, classifying As usual in discussing time-independent classical solu-
vortices, is the center of the gauge grdaip(N), one needs tions we will consider the Hamiltonian, the negative of the
to introduce Higgs fields that breg&U(N) symmetry, but Lagrangian in the absence of time derivative. The Hamil-
not the centeZ . The smallest representation for the Higgstonian for a cylindrically symmetric solution is of the form
fields, such that they commute with the center, is the adjoint
representation. Therefore, one needs to use one or more ad-
joint Higgs bosons to break the symmetry. Symmetry break- H:J d2x
ing induced by a single adjoint Higgs boson is not complete.

The adjoint Higgs boson, when diagonalized, commutes with

the “diagonal” generators, the elements of the Cartan subyere
group,[U(1)]N"1. The relevant classical objects in such a
theory are 't Hooft—Polyakov monopol§8,9]. Thus, at least

two adjoint Higgs bosons are needed to break the symmetry
down to its center.

Vortex solutions found if7] correspond t6SU(N) ad- D,=d,tie[A,, 1,
joint Higgs theories witiN Higgs bosons. In fact, one would
think that a “minimal” solution could be found with only
two Higgs bosons. The first Higgs boson breaks the symme-
try down to the maximal Abelian subgroup and then another
Higgs boson, which is kept non-parallel with the first one,wheret? are theSU(N) generators. We are consideriiy
can break all the remaining continuous symmetries. The purHiggs scalarsb® in the adjoint representation and the po-
pose of this paper is to show that vortex solution$id(3) tential V[®] chosen so as to ensure complete symmetry
gauge theory with two adjoint Higgs bosons exist and tobreaking.

II. VORTEX SOLUTIONS IN SU(N) GAUGE THEORY
WITH N HIGGS BOSONS

N
1 1
G2 4= ()2 ")
4GW+2A21(DM<I> PZ+V(OAN) | (1)

— — 2
A,=AR, a=12,...N?-1,

G=0,A,—d,A,+ie[A, A,] ®)
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Vortex solutions to the equations of motion associated lim D,u[q)(A)]:O_ 9
with Hamiltonian(1) have been found ifi7] by making an p—so0
ansatz that ensures non-trivial topology and maximum sym- N ) ) ) )
metry breaking. Since the scalars are in the adjoint represefz0ndition(9) can be achieved either by taking the scalars in
tation, the centeZy of SU(N) is the surviving symmetry the Cartan algebra dbU(N) or in its complement. Let us
subgroup. Then, the relevant homotopy group for classifyingVrite the SU(N) generators in the Cartan-Weyl basis, with
topologically inequivalent configurations is non-trivial, Hi the N—1 generators spanning the Cartan algebra and
m1(SU(N)/Zy)=Zy . One then hadl— 1 topologically non-  E=, those in its complement,
trivial inequivalent possible solutions which can be associ-

ated with gauge group elements, (n=1,2,...N-1 la-

[Hi,Eil=*aEL,

beling the homotopy classedf we call ¢ the azimuthal N-1
angle in a plane perpendicular to the vortex, tHeg(¢) [E,.E_,]= > aH; (10)
should satisfy, when a turn around a closed contour is made, i=1
“27(n+NKk) where a;=a' are the roots in an orthonormal basis. Then,
Un(¢+2m)=exp i ——g—|Un(¢), one can choose the symmetry breaking potential so that the
3) first Sscalarsd™, ®®), . ® are in the Cartan algebra
n=12,...N-1, keZ. and the restd®,®@ . & in its complementS+T

Condition (3) can be realized by writing
. . &
U,(¢)=diag ex |(n+Nk)N

. ¢ - N—1
><exp<|(n+Nk)N),exp( —|¢T(n+Nk)”.
4

Then, one can construct a gauge field configuraﬂ@nbe-
longing to then class so that it satisfies, at infinity,

i 1
lim A== ZUL($)d,Un($)d, 8= Modud. (5
p—)C)O

One has, explicitly,

1 1 1-N

Mn=(n+Nk)diag<l N (6)

N!Ny"-yN!

and hencéVl,, can be written in terms of theN(—1) SU(N)
generatordd; spanning the Cartan subalgebralif(N),

N—1
an(n+Nk)Zl m'H, (7)

wherem' are the magnetic weights, as defined 15].

In view of Eq.(5), the natural ansatz for a vortex solution

with topological charge is

1
AL=23,6 Mpa(p) ®)

with a(p) such thaG,,—0 asp—c, fast enough to ensure

the finiteness of the energy.

The finiteness of energy also requires that, at infinity, the
Higgs scalars®® (A=1,2,...N) take their vacuum
value, minimizing the symmetry breaking potential. More-

over,

=N. Now, in order to satisfy Eq.9), one necessarily has

N—1
lim ®®(p,p)= >, CWH;

p—* J71

lim <1><A><p,¢>:u;<¢>(2 n&“Ea)un(qs)

-
=U!(¢) nU(¢) (11)

with C{* and »{¥ constants. The constants” should be
adjusted to so that they would minimixg ™).

In view of the conditions described above, a consistent
ansatz for aZy vortex configuration can be proposed in the
form

N—-1

(A — (A
® —le CVH;

PN =Ul()| X 7P (p)E, |Un(¢)

1
Aqs: Ea(P) My
A,=Ag=A,=0. (12)

Here we have taken th@® scalars to be constant every-
where. ™ (p) anda(p) should satisfy the boundary condi-
tions

lim P (p)=1, lima(p)=n. (13
pﬂOO pﬂ(‘/&
Ansatz(12) implies that
D,®®W=[n-a(p)]a,d". (14)

Given the ansatz for thé_)-type scalars, the equations of
motion derived from Eq(1) take the form

125002-2



NEW VORTEX SOLUTION INSU(3) GAUGE-HIGGS THEORY PHYSICAL REVIEW D 62 125002

N—-1

nA
D,G*’=ie >, [D,dW,d® M, =—o. 21
. 2 ] "~ (21)
An explicit realization of the Cartan algebra is
D, D PA = . (15) P g
SO

A3 Ag
. T Hi=—, Hx== (22)

That is, apart from the potential, thi® fields play no role 2 2

in the dynamics. Concerning the other scal®‘$’, separa- _ _
bility of the equations of motion into radial and angular partswhere\; and\g are the diagonal Gell-Mann matrices. One

imposeq11] then has, for the two-component magnetic weight
_pA -
[Mp.[M,, @A]]=R7(p) @A m=(0,2//3). (23)
N—1
(A) [ (A) _ Concerning the step generatdgs, they can be written in
A§=:1 (2@, [0 M1 =S;(p)My. (16 terms of the Gell-Mann matrices; in the form
One can see that these conditions simplify the andaizto 1
I Ea1+E—al:E)\4
A) _ (A)
P! >—J§=}1 CMH;
1
OW =P yA(p)UN($)(Ey, +E o, )Un(e) FaytEoa™ he
A - (p)M 1
=-a
¢S P Eo,+Eoa,= EM' (24)

A,=Ay=A,=0. (17)

In order to characterize the vortex solutions from the to- "€ solution found irf7] corresponds to just on&-type
pological point of view one can introduce an “electromag- Scalar,
netic tensor”g,, analogous to that proposed by Polyakov _
for the SO(3) monopole solutiorf9]. In view of the ansatz O=BN;+CA\g (25
for the gauge field, it is natural to take

and two®-type ones
B tr(M,G,,)

MV_WM—W. o w- L w,m T
Q= T?? P (p)Un(d)NgUn( @)
Then, the flux® associated to the magnetic figld, reads, 6

for the n-vortex solution,
1
d=(n+NkP, (19 D= % 7@y (p)UT(H)NeUn( ).

with d,=27/e. Let us recall than=1,2,... N—1 indi- (26)
cates the topological class to which the configuration belongs
while ke Z is related to gauge transformations that, althoughWith this choice, the radial equations of motion read
leading to the same behavior at infinignd hence are topo-
logically trivial), cannot be well defined everywhere andthen 1 d [ dy®
are not gauge equivalent everywhere, thus giving, for a fixed ; @ p dp
n, different values for the magnetic fly£2].

Although the analysis of the radial equations of motion

2

n—a(p) PP =B (p) A (p)=0

p

and their solution can be performed for arbitrayy let us pi Ed_a — E[(77(1),!,(1))2+(,](2)1/,(2))2][n_a(p)]:0
concentrate in th&U(3) vortex solution, for which two to- do\pdp/ 2
pologically inequivalent classes exist. The associ&tg(p) @7

are(we take for simplicityk=0) wherev®(p) stands for the derivative of the potential with
U (¢)=e"®e/3  n=12 (200  respect tob®.
The symmetry breaking potential proposed 1 can be
One then has written in the form
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_ 4 1 2 2
\/((I)(A)’q))zglég77 > (ETr[QD(A)]Z—l) DMGW—ienZE [®@W D, dA]=0 (30)
A=1 A=1
07t (1 — 2 and
+ = (ETr[d)(I)]—l)

D#DM(I)(A)—glr;ZCI)(A)

1
- ETr[(D(A)]Z—l)
+ = (T W ()))2

2 —gznsz(B)(;Tr[d)(l)d)(z)]—c) =0, (31
+dabcq>a( > fA W PR e
A=l whereA=1,2 and therB=2,1.
As in the previous section, the ansatz we use for finding
+hq>(1)bq>(2)°) (28)  vortex solutions is based on the philosophy that the vortex
solution is associated with a singular gauge transformation
that maps circles linked with the vortex to a smooth trans-
where®®=d®b\P andd,, . is the completely symmetric formation connecting two elements of the center. Choosing
SU(3) tensor. In Eq(28) and in our subsequent discussion Un(¢), as in £q.(20), the Higgs fields are defined as
we will use Higgs fields that become normalized in the limit (v — 0 +
p—. One can see that the choice of the same coupling PV (x)=Un(d) " (p)Un( ), (32
constang, for the quartic coupling of thé™® fields implies
that f(1)=£(2) and reduces systef27) to that arising in the
U(1) case, which is solved, at critical coupling, by the solu-

tions of the original Bogomol'nyi equations. AL (X)=3,¢[ag(p)kg+az(p)\s], (33

wherei= 1,2 for the two Higgs bosons.
The ansatz for the gauge field,

is diagonal in gauge space. We will later show that unlike for
vortices of the previous section the componagfp) must
be different from zero, despite the fact that this component
In this section we shall present a “minimaBU(S) SO- does not contribute to the vortex @t ce. The gauge field of
lution with only two Higgs fieldsb®™ (A=1,2) in the ad- Eq. (33 satisfies the gauge fixing conditianA,=0. Tak-
joint. The Hamiltonian of the model is defined uniquely up toing the derivative of the Higgs field generates a vortex con-
the Higgs potential. There is a considerable freedom in théfibution in the\g gauge direction. The form of the gauge
Higgs potential. In a way we consider a Higgs potential sim-field was chosen to be able to cancel this vortex at infinity in
pler than that of the previous section, but in an other way wdhe covariant derivative. Without such a cancellation the
generalize it such that it will disallow solutions of the form term of the Hamiltonian containing the covariant derivative
discussed in Ref7]. Vortex solutions for a similar generali- Of the Higgs fields would diverge.
zation of theSU(2) Higgs potential were shown to exist in ~ We still need to show that the forms chosen for the fields

Ill. TWO-HIGGS-FIELD VORTEX IN  SU(3) GAUGE
THEORY

Ref.[3] are consistent with field equatio30) and (31). Before do-
The Higgs potential we propose is identical in form to thating so we will further restrict the form of our solution. We
of Ref.[3] for SU(2): will assume that the Higgs fields have only components
$2 0 2 W= Nt UM, (34
917
V(@)= 8 Agl (ETF[‘I’(A)]Z— 1) where\, and) g are off-diagonal Gell-Mann matrices matri-

ces. Two is the minimal number of components needed to
g7t (1 Do (@) 2 satisfy the all the constraints on the normalization of the
7 (ETr[db @ ]—C) . (29 Higgs fields atp— o simultaneously. The two Higgs fields,
provided their coefficients are not identical, bregk)(3)
symmetry completely, down to its centet;.
The generalization compared to RET] appears in the non- Let us now show that the gauge structure we propose is
zero value of the constant that is the cosine of the “angle” consistent with the field equations. First of all consider Eq.
between the two Higgs fields at infinity. The brackets of EQ.(31). The two equations, for the choicés=1 and 2, are
(29) must vanish at infinity to keep the Hamiltonian finite. consistent with the solutios{®)= + (2. We will show that
Thus, unlike in previous models the Higgs fields erquired  the choice
not to be orthogonaht infinity. Admittedly, the model we
study here is less general in the sense that the self-coupling Y =yP=y,, yP=—yP=y; (35)
of the two Higgs bosons is assumed to be identical.
The field equations derived from the Lagrangian, analois also consistent with E¢30). Under the assumptiori82)—
gous to Egs(15) and(14), are (35), EQ. (30) can be calculated as

+
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. 2 _ 1+c 1-c
D,G,,—ien? >, [®W,D,dW] lim gu(p)=\—— limgg(p)=\——
wTR A=1 w0 2 % 2

p— p—
d (42)

1 dag
)\spﬁ

p dp

d

1 dag
+)\3p$

=4 —_—
n? p dp

5 5 5 Now at this point it should be obvious that= 0, equiva-
—2e 720, ¢ [ ()% &, (V3Ng+N3)+ () lent to a,=a_ is not an admissible solution. H,=a_,
_ then from Eqgs(38) and(39) it follows that ¢, = . Such a
xea (V3hg—\3)]=0, (38 solution would not satisfy the boundary conditi4®2), un-
lessc=0.

Note that atc=0 ,= s anda, =a_. In other words
the a; component of the gauge field vanishes. Then, after
appropriate rescaling, the vortex defined by E@8)—(41)
coincides with that defined by E¢R7), provided we choose
9:=9; and M= 73,

Clearly the space and isospace structures are consistent andWe have not been able to prove analytically the existence

Eq. (36) leads to two scalar equations for the two unknownof solutions of these equations. In a future publicaidf]

functions,a, anda_. These equations are we will study the solutions numerically. At special values of
the couplings, however, the second order equations become
first order. The system of equations also decouples and can

) —4e? [ 2(hg)% a, +(g)?a_]=0 be rescaled to a form identical to a combination of two criti-
cal Abelian vortices. Abelian vortices have been well studied

(38) [11] and the existence of solutions has been shown.

The form of the solutions for two-adjoint-Higgs-boson
model is unique up to gauge transformations. A gauge trans-
formation can always brinty,,(¢) to the form used above.
Then the gauge field, commuting with,(¢), should only
have componentsg or a;. Furthermore, the combination of
(399  constraint

where

n

d (1 da,
Pdp\p dp
and

1 da_
> dp —4e’n*(g)*a, +2(g)?a_1=0.

In a similar way, the scalar equations reduce to two equa-

tions for the two components, and ¢:
§A‘, [®A,5,D]=0

1d( dy, a2

- d—(pd—) — = e (Wt e 1)

pLp P p and of the field equations for the two-Higgs-boson fields can
— g7t %21— wg_c) -0 (40) only be satisfied with at most two nonvanishing components

of ®®, Choosing these a®, and &5 we arrive at the

choice of this sectioh.
and

1.d/[ dgg| a2 5 S IV. CRITICAL COUPLING
S a0\ P A — 5 ¥e— 91 be(Yyt+ s—1) N _ _ _
pap Pl p At a critical coupling the second order differential equa-
tions for the gauge and Higgs field of Abelian vortex solu-
2 2_ 42 \_
+ 927 bs(Ya— 5= C)=0. (42) tions can be transformed to linear equatiph®,10. We will
N . show below that the solution found in the previous section
Ing: First of all, it will be advantageous to express Hamil-
tonian (1) in terms of the Higgs componeng, a; (or a.

n anda_), ¢#,, andyg. One obtains
a.(0)=~
e
lima.(p)=0 1Components that can be transformed into each other by global
poe U(1)xU(1) transformations and therefore satisfy the same field
equations are not counted as different. For our choice of the com-
ponentsby and®- can be eliminated by glob&l(1)xU(1) trans-
4(0) = y5(0)=0 formations.
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HIZWJ pdp

1 ( r)2+ 1 ( /)2
—(a —(a
0 2p? 8 2p% °

p

2,2

n-e
+ - (yGad +ygal ) + (Y7 v
p

4 4
+ 27 <¢i+w§—1>2+927"(wi—¢é—c>2].

(43
The variation of(43) results in field equation&38)—(41).

Inspired by Ref[12] we rearrange the Hamiltonian into

an alternative form

2

* 2 ’ 7e
H=2m Opdp n°| Ya +7¢4a+

2

2 i oe 1 1 2 2 2 2
+7 ’/’6"'?‘/’63-— +2_p2[as_ap77 (Ya+¢s—1)]

fi 7
g 1)?

1
+ a3 BpnP(Yi—ws—c)]*+
2p

fon* , , ., 1dX
+T(<//4—9’/e—0) +;$ , (44)

whereea, B, y, andd are yet undetermined constants afd
is an undetermined form. Comparing Ed4) with Eq. (43)
provides the following values for the constants:

n
y=68=— (45)

a=\/§,8=—\/§e%. (46)

Furthermore, one obtains

n o, ) 1+c ) 1-c
XZWW €| va-—|ast| ¥~ ——|a-|, (47)
f1:g1_24e2, (48)
and
f2292_8ez. (49)

PHYSICAL REVIEW D62 125002

g, = 24e? (50)
and
g,=8e? (51)

if (for positive n) the fields satisfy the following
Bogomol'nyi-type equations in terms of the original fields,
ag andaj:

e n
Wh=—— | \3ag+ = +ag|, (52

p e

e n
lﬁé:_;% \/§as+5_as . (53)
ag=— n°p/3e(yi+ Yi-1), (54)

and

ay=— nPpe(yi—Yi—c). (55)

The value of the Hamiltonian at the critical point is equal
to

H=2n[X() = X(0)]=2m|n|», (56)

proportional to the topological charge.

V. CONCLUSIONS

A new vortex solution was shown to exist BU(3)
gauge theory with two adjoint Higgs bosons. This can be
contrasted with the solution found in RET], which requires
three adjoint Higgs bosons. At a critical value of the Higgs
self-coupling(where the gauge and Higgs boson masses co-
incide) the Hamiltonian has an exact lower bound and the
Higgs and gauge fields satisfy first order Bogomol'nyi type
field equations. In previous solutions such a phenomenon
signaled an increase of the underlying supersymmetry
[13,14). We expect that the situation is similar in the case
discussed in this paper. The non-Abelian vortices discussed
here could play a relevant role in the confinement scenario
arising in strongly coupled supersymmetric theofi&g|.
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